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Asynchronous Filtering of Discrete-Time Switched
Linear Systems With Average Dwell Time

Lixian Zhang, Naigang Cui, Ming Liu, and Ye Zhao

Abstract—Switched dynamical systems can be found in many
practical electronic circuits, such as various kinds of power con-
verters, chaos generators, etc. This paper is concerned with the
filter design problem for a class of switched system with average
dwell time switching. Mode-dependent full-order filters are de-
signed taking a more practical phenomenon, the asynchronous
switching into account, where ‘“asynchronous” means that the
switching of the filters to be designed has a lag to the switching of
the system modes. New results on the stability and /- -gain analyses
for the systems are first given where the Lyapunov-like functions
during the running time of subsystems are allowed to increase.
In light of the proposed Lyapunov-like functions, the desired
mode-dependent filters can be designed in that the unmatched
filters are allowed to perform in the interval of the asynchronous
switching before the matched ones are applied. In H ., sense, the
problem of asynchronous filtering for the underlying systems in
linear cases is formulated and the conditions of the existence of
admissible asynchronous filters are obtained. Two examples are
provided to show the potential of the developed results.

Index Terms—Asynchronous switching, average dwell time, H .,
filtering, switched systems.

I. INTRODUCTION

WITCHED systems, which are efficiently used to model

many physical or man-made systems displaying features of
switching, have been extensively studied over the past decades
[1], [2]. These kind of dynamical systems exist in a variety of
engineering applications, take the electronic circuits field for
example, dc/dc convertors [3], oscillators [4], chaos generators
[5], to name a few. Typically, switched systems consist of a fi-
nite number of subsystems (described by differential or differ-
ence equations) and an associated switching signal governing
the switching among them. The switching signals may belong
to a certain set and the sets may be various. This differentiates
switched systems from the general time-varying systems, since
the solutions of the former are dependent on both system ini-
tial conditions and switching signals [1], [6]. Note that if the
switching signal is autonomous and further attached with Mar-
kovian stochastic behavior, the resulting system is commonly
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termed as “Markov jump systems” [7]-[9]. The differences and
links between the two categories of hybrid systems have also
been investigated, see for example, [7].

The stability problem, caused by diverse switching, is a major
concern in the area of switched systems [1], [10]-[17]. To date,
two stability issues have been addressed in the literature, i.e.,
the stability under arbitrary switching and the stability under
controlled switching. The former case is mainly investigated by
a common Lyapunov function sharing among all the subsystems
[1], [18]. An improved method in the discrete-time domain is to
adopt the switched Lyapunov function (SLF) proposed in [11].
As for the switched systems under controlled switching, it has
been well recognized that the multiple Lyapunov-like function
(MLF) approach is more efficient in offering greater freedom
for demonstrating stability of the system [10], [12]. Some more
general techniques in MLF theory have also been proposed
allowing the latent energy function to properly increase even
during the running time of certain subsystems except at the
switching instants [12], [19]. As a class of typical controlled
switching signals, the average dwell time (ADT) switching
means that the number of switches in a finite interval is bounded
and the average time between the consecutive switching is not
less than a constant [1], [20]. The ADT switching can cover the
dwell time (DT) switching [1], and its extreme case is actually
the arbitrary switching [21]. Therefore, it is of practical and
theoretical significance to probe the stability of the switched
systems with ADT, and the corresponding results have also
been available in [22], [23] for the discrete-time version and
[24], [25] for the related applications. Note that, in these results,
the Lyapunov-like functions during the running time of sub-
systems are required to be non-increasing. A recent extension
considering partial subsystems to be Hurwitz unstable (the
corresponding system energy will be increased) is given in [26]
for linear cases in the continuous-time context.

Besides, the Lo-gain (“l3” in the discrete-time domain) anal-
ysis of switched systems has been frequently related as well
[14], [21], [27]-[29]. By the SLF approach, the l5-gain anal-
ysis for a class of discrete-time switched systems under arbi-
trary switching is given in [29]. Imposing different requirements
on the used MLF, some results on the L,-gain analysis for the
switched systems with DT or ADT switching have also been ob-
tained [21], [28]. Likewise, the considered MLF needs mainly
to be non-increasing during the running time of subsystems.
In [30], the stability result in [26] was further extended to the
Ls-gain analysis. A weighted attenuation property is achieved
there (i.e., a weighted disturbance attenuation level), and the
nonweighted form can be recovered if the weighting is zero,
which means that the non-weighted Lo-gain of the switched
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systems with ADT is actually bounded by the maximum of all
individual L»-gains associated with different subsystems [24].
Note also that the existing results of the Ly-gain analysis for
the switched systems with ADT are within the continuous-time
domain, the discrete-time counterpart has almost not been in-
vestigated up to date, with or without considering that the Lya-
punov-like functions can be increased.

Moreover, in recent years, state estimation for switched
systems has also been widely studied, see for example, [31],
[32] and the references therein. A popular solution is to design
the less conservative mode-dependent filters and find the ad-
missible switching signals such that the resulting filtering error
system is stable and satisfies certain performance. However,
a common assumption is that the mode-dependent filters are
switched synchronously with the switching of system modes,
which is quite ideal. In practice, it inevitably takes some time
to identify the system modes and apply the matched filter,
thus the asynchronous phenomenon between the system mode
switching and the filter switching generally exist! . So far,
although there are some primary studies on the asynchronous
control problems for switched systems, e.g., [33], [34], the
asynchronous filtering problem for the systems have not been
investigated yet, to the best of our knowledge.

The contribution of this paper lies in that the extended
stability and /5-gain results for the switched systems with ADT
in the discrete-time nonlinear setting are firstly given by further
allowing the Lyapunov-like function to increase during the
running time of active subsystems. Then, the asynchronous
switching is considered and the H, filtering for the underlying
systems in linear cases is studied. The remaining of the paper
is organized as follows. In Section II, we review the definitions
on stability and /s-gain of switched systems and provide the
corresponding results for the switched systems with ADT
switching in the discrete-time context. Section III is devoted
to derive the results on stability and /5-gain analyses by con-
sidering the extended MLF. In Section IV, the conditions of
the existence of admissible asynchronous H,, filters with the
admissible switching are derived in terms of a set of matrix
inequalities. Two examples are provided to show the potential
and the validity of the obtained results. The paper is concluded
in Section 5.

Notation: The notation used in this paper is fairly standard.
The superscript “T"” stands for matrix transposition, R denotes
the n dimensional Euclidean space and N represents the set of
nonnegative integers, the notation || || refers to the Euclidean
vector norm. [[0, c0) is the space of square summable infinite
sequence and for w = {w(k)} € [5[0, 00), its norm is given by
lwll2 = /> peo lw(k)[?. C* denotes the space of continuously
differentiable functions, and a function « : [0, 00) — [0, 00) is
said to be of class KC, if it is continuous, strictly increasing, un-
bounded, and «(0) = 0. Also, a function 3 : [0, 00) X [0, 00) —
[0, 00) is said to be of class KL if 3(-, ) is of class K for each
fixed ¢ > 0 and (s, t) decreases to 0 as t — oo for each fixed

!In this paper, we slightly abused synchronous (or asynchronous) switching to
mean that the switching of system modes and the switching of desired mode-de-
pendent filters are synchronous (respectively, asynchronous). Correspondingly,
the delay of asynchronous switching is the time lag from the filters switching to
the system modes switching.
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s > 0. Expression A < B means A is equivalent to B. In ad-
dition, in symmetric block matrices or long matrix expressions,
we use * as an ellipsis for the terms that are introduced by sym-
metry and diag{ ---} stands for a block-diagonal matrix. The
notation P > 0 (> 0) means P is real symmetric and positive
definite (semi-positive definite).

II. PROBLEM DESCRIPTION AND PRELIMINARIES

Consider a class of discrete-time switched linear systems
given by

z(k +1) = Asz(k) + Bow(k) (1)
y(k) = Cax(k) + Daw(k) (2)
z(k) = Hox(k) + Low(k) (3)

where z(k) € R"= is the state vector, w(k) € R™> is the dis-
turbance input which belongs to [3[0, 00), z(k) is the objective
signal to be estimated and y(k) € R™ is the output vector. o is
a piecewise constant function of time, called a switching signal,
which takes its values in the finite set Z = {1,..., N}, and
N > 1 is the number of subsystems. At an arbitrary time k, o
may be dependent on k or x(k), or both, or other logic rules.
For a switching sequence ko < k1 < k2 < ...,0 is contin-
uous from right everywhere and may be either autonomous or
controlled. When k € [k, ki41), we say the o(k;)th subsystem
is active and therefore the trajectory zj of system (1)-(3) is
the trajectory of the o (k;)th subsystem. In addition, we exclude
Zeno behavior for all types of switching signals as commonly
assumed in the literature. The jumps of state for discrete-time
system (1)—(3), namely, a continuous signal can not be recon-
structed everywhere, is also not considered here.

In this paper, we focus our study of system (1)—(3) on a class
of switching signals with ADT switching. The following defini-
tions are recalled.

Definition 1: [20]: For switching signal o and any K > k >
ko, let N, (K, k) be the switching numbers of o over the in-
terval [k, K). If for any given Ny > 0 and 7, > 0, we have
N, (K,k) < No+ (K — k)/7a, then 7, and Ny are called av-
erage dwell time and the chatter bound, respectively.

Remark 1: It has been analyzed in [1] that Ny > 1 gives the
switching signals with ADT and Ny = 1 corresponds exactly
to those switching signals with DT. Also, as an extreme case,
7o — 0 implies that the constraint on the switching times is
almost eliminated and the resulting switching can be arbitrary
[21]. Therefore, as a typical set of switching signals with reg-
ularities [6], the ADT switching covers both the DT switching
and the arbitrary switching and is relatively general.

Definition 2: [1]: The switched system (1)-(3) with w(k) =
0 is globally uniformly asymptotically stable (GUAS) if there
exists a class KL function [ such that for all switching signals
o and all initial conditions x (kg ), the solutions of (1)—(3) satisfy
the inequality ||z (k)|| < B(||z(ko)||, k), Vk > ko.

Definition 3: For v > 0, system (1)-(3) is said to be
GUAS\ with an [5-gain, if under zero initial condition, system
(D—=(3) is GUAS and the inequality > 7, 3" (s)y(s) <
Y ez, Yw™ (s)w(s) holds for all nonzero w(k) € I3[0, 00).
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Here, we are interested in designing the following mode-de-
pendent full-order filter for system (1)-(3) Vo = ¢ € T

zp(k+1) = Ap;zp(k) + Bpiy(k) 4)
zp(k) = Cpixp(k) + Dpiy(k) )

where Ap;, Bp;,Cp; and Dp; are the filter gains to be de-
termined. Also, we aim to consider the more practical asyn-
chronous filtering problem, that is, the switches of the filter
gains do not coincide in real time with those of system modes.
Thus, the resulting filtering error system becomes

#(k + 1) = Aia(k) + Enw(k)
e
+ = 133 + LW
( ) Cz ( ) + sz(k)' Vk € [kl + Tmax7kl+1)

(6)

where @ (k) = [z (k) 2L(k)]T, e(k) = 2(k)

. A 0 . B

A’i = ! P E’i = ‘

Ci=[H; Dg;C; Cpjl, Fi=L; Dp;D;
A; 0 N B;

Ai= [BFiCi AF/L} » Bi= |:BFiDi:|

C;=[H; Dr,C; Cr;, F,=L; Dp;D,.

Then, our objective is to design a mode-dependent full-order
filter and find a set of admissible switching signals with ADT
such that the resulting filtering error systems (6) is GUAS and
has a guaranteed H, disturbance attenuation performance, i.e.,
llell3 < +?||w||? for ay > 0 in the presence of asynchronous
switching.

Before proceeding further, we present the following results
on the stability and [»-gain analyses for switched systems in
nonlinear setting here for later use.

Lemma 1: [22]: Consider switched system zpy; =
fo@ky(zr) and let 0 < o < 1 and pz > 1 be given constants.
Suppose that there exist C' functions Vory + R" — R,
o(k) € Z, and two class K, functions k; and ky such

that Vo(k) = i € T, m([lzxl]) < Vi(wr) < ra(llzl]),
AVi(zp) = Vi(zrgr) — Vi(zr) < —aVi(zg) and
Wolkh) = iolhi—1) = j) € TxTL,i # j
Vi(zk,) < pVi(zg,), then the system is GUAS for any
switching signal with ADT
. In p
Ta > Ta = In(1 — «). ™

Lemma 2: Consider switched system x441 = fo (i) (21, i),
Yr = hoey(7r) and let 0 < a < 1,7; > 0,Vi € T be given
constants. Suppose that there exist positive definite C' functions
V(,(k) : R™ — R, O'(k) € 7, with V,T(k)(:l?ko) = 0 such that
Vo(k) =i € I, AVi(zx) < —aV;(zr)—yEF yp +v2wE wy, then
the switched system has a l2-gain no greater than v = max{~; }.

Remark 2: Note that the uniformity of stability in Lemmas 1
& 2 means the uniformity over switching signals with the prop-
erty (7). The proof of Lemma 2 can be completed by referring
to the proof of Theorem 2 in [24].
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Fig. 1. Extended Lyapunov-like function.

III. NEW STABILITY AND /5-GAIN ANALYSES

In this section, by considering a class of Lyapunov-like func-
tions allowed to increase with a bounded increase rate, the im-
proved results for Lemmas 1 and 2 are given, respectively, in
order to study the asynchronous filtering problem for system
(1) later. For concise notation, let k; and k;1,V] € N denote
the starting time and ending time of some active subsystem,
while 77 (ki, ki4+1) and 7 (k;, ki41), imply the total length of
the dispersed intervals during which the Lyapunov-like func-
tion is increasing and decreasing within the interval [k;, ki41),
respectively. Using Le{[k;, k;41)} denote the total length of
the interval [k;, ki41), the division gives that Le{[k;, ki+1)} =
T (i, kig1) + T, (ki ki41) and Fig. 1 illustrates the considered
Lyapunov-like function.

Lemma 3: (Theorem 1 in [35]): Consider switched system
Try1 = foy(7x) andlet 0 < o < 1,3 > 0and p > 1 be
given constants. Suppose that there exist C! functions Vo(r -
R™ — R, o(k) € Z, and two class K., functions x1 and ko
such that Vo (k) = i € Z,

sr(llzell) < Vi(zr) < ma(llzl]) )
- OZI/;‘(QZIC), vk € ﬂ(klvkl—l—l)
AVi(ze) < {ﬂ%(wk), k€ Ti(ki ki) O
andV(a(kl):Lo(kl—l):j)EIXI, 1#£ ]

‘/;('Zlkl) < u‘/}(xkl) (10)

then the system is GUAS for any switching signal with ADT

Toax[In(1+6) In(l «a)]+1np
—In(l — )

Ta > Ty = (11)
where Toax 2 max; T (ki, kig1), V0 € N.

Remark 3: Note that the considered energy function in
Lemma 3 can be increased both at the switching instants and
during the running time of subsystems. However, the possible
increment will be compensated by the more specific decrement
(by limiting the lower bound of ADT), therefore, the system
energy is decreasing from a whole perspective and the system
stability is guaranteed accordingly. It is worth noting that an
extreme case where 7. is unbounded is excluded here.

Using the extended Lyapunov-like function as illustrated in
Fig. 1, the corresponding /5-gain analysis for system (1)—(3) is
given in the following result.

Lemma4: Consider switched system (1)—-(3) andlet0 < a <
1,6 > 0and v; > 0,Vi € T be given constants. Suppose
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that there exist positive definite C' functions Vo) : R" — R, Then we have
o(k) € Z, with V4,0 (2r,) = 0 such that ¥(i,5) € Z x Z,

T -
i # J, Vi(ew,) < pVi(wy,) and Vi € T, S ok x gRATI ) s 1Ty
AV(:E ) < O‘VZ(k) F(k)7 Vk € ,Ti(khkl-!-l) s=k;
W= BVik) T(k), Yk € Ty(ki ki) "1
(12) + Z ak—s—le'f"‘—s lyZ"yS
where T'(k) 2 yly. — v?wlwy, then the switched system s=T" !
is GUAS for any switching signal satisfying (11) and has an k 1 -
lo-gain no greater than v, = max{Vv§7max 1,1 where 6 £ + Z a® T ygys
(145)/(1 =), Tmax is denoted in (11) and we assume Trax > s=T"
1. T 1
Prgof: Eor J.(kl.) = i'e Z,VIl € N, we say the S\.zvitched < Z gk s tgkTi(k k) s 1,2, T, 4
system is active within the sth subsystem, then between interval =
[k1, ki11), we set the instants 7,1, 7.2, ..., 7%, ... as the times _
when the variation of the Lyapunov-like function changes the n Z oF s 1gT" s 1'yfwTw<

direction (from increasing to decreasing or vice versa). Without

loss of generality, we assume that the Lyapunov -like function

V;(},) is increasing during the interval [k;, 7;') and decreasing N Z 12Ty

during the interval [7,;”, k), m € N. Vi s
Then, for the sth subsystem, according to (12), considering s=T"

. A
=01+0)/1 . Aa) and denoting T'(s) = yT'y, ’YI/Z/I‘UT/I‘US Therefore, from the above and 7,,,, > 1, 6 > 1,, we can obtain

A

=Tm 1

and a = a,B =1+ (3, we have that
Vi(z) - k—s—1, T
<ot T ey -t LI < D) 2 ol
i s=k;
k=T k—s—1 7' 1 " 1
=« i Vilxgrm o T'(s S
i(zzm) S;ﬁ) (s) :kaslTys S Ty,
1 1 k1 =k s=7,"
<at TUATT T Wiwgw 1) = Y @k M(s) i
Z o Z * yly.
™1 =7
> AT ) < =
Szj—imil < Z ak s 10k1+TT(k kl) s lyzys—i—
s=k
< ot BgT BY(py,) 7
T 1 ks 1pg7/™ s 1,T
_ Z ak s lpki+Ti(k ki) s IP(s) — - -- + Z 10‘ 0 Ys Us
=T™
S:k[ ° ¢
o ko1
P = ks 1,T
a Ys Ys
_ Z ok s 19T s Ap(y) + XT:W Ys Ys
s=17."
=1 ! o
k1 " k—s—1 ki4+T; (k—k;)—s—1_2, T
< 1 1 1
a*=5 =11 (s). (13) = _Zk are ViwWs Ws -
s=T™ =
; ™ 1
.. ‘ . Gk s 1pT" s 1.2, T
Therefore, under zero condition, one has V;(zy,) = 0 and + Z 0 Y Wg W
Vi(xzr) > 0, thus we know that s=T,
Th 1 k—
Z ak s 19k1+TT(k ki) s 1P(8)+ + Z ak—s—l,yfwzws
s=k; s=T™
-1 T -1
+ Z ak s 197?11 s 1F(S) S Z ak s 107n1ax 177:2wz‘ws+"'
s=T" ! s=k;
k1 i
Ck—s—1 kfsfle'fmaxfl 2, T
+ a I'(s) <0 + « Vi Ws Ws

S

Il
N

1
m 5=7—im
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2 T
Vi Ws Ws

+ § akfsflg'fmaxfl
:Ti7

k
— E :ngx

1k512T

V; Wy W
S:ko
ie.,
k1 k1
k— 1, T Tmax—1 k 1.2, T
Dok lyly, < Y0 sS2ywlw,  (14)
s=kog s=ko

Thus, we have
oo k—1
k s 1,T
> Do
k:ko S:ko

1k<12T
Y; Wg Ws

max

E

=
s
H

| I

1, T
Y s

M) # ﬁkbﬁsa
TTMS

aTmax

IA

1k512T
71ww9‘|

w
I
ol

o

Yo s

M8 LTMS lLM8 I

1
R
R

)
Il
x>

o

=

IA
Mg
Q
Q

S

Tmax—1,2, T
0 ¥iw wS]

s

ko
[Z yly, < Z O yZaw] wgl :

s=kqg s=kqg

As a result, for the ith subsystem, we know the /5-gain is not
greater than v/ fZmax 1, Therefore, we conclude that system
(1)~(3) can have the l-gain as v, = max{V§7max 1~,;}. This
completes the proof. O
Remark 4: It can be seen that Lemma 3 presents a more gen-
eral result than Lemma 1 which corresponds to the special case
of Tax = 0. Note also that if 7, = 0, one readily knows

from (13) that
Vi(zk) < o

MoV (ko) (15)

Zakelr

s=kqg

Then from (15) and the same procedure in the proof for Lemma
4, we can conclude that the switched system is GUAS for any
switching signal satisfying (11) and has an l5-gain no greater
than v = max{~;}, i.e., Lemma 4 reduces to Lemma 2.

IV. ASYNCHRONOUS FILTERING

In the results obtained above, a natural question is how
Tmax 1s known in advance. Generally, that is hard since within
(ki, ki1),Vl € Nt T;(ki, ki41) includes all the randomly
dispersed intervals during which the Lyapunov-like function
is increasing, consequently, the applications of Lemma 3
and Lemma 4 are actually limited. However, they enable the
study on the issues of asynchronous switching, where the
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Fig. 2. Typical case of the Extended Lyapunov-like function in Fig. 1.

corresponding 77 (ky, ki41) will be just the interval close to
the switching instant as illustrated in Fig. 2. In practice, the
interval depends on the identification of system modes and/or
the scheduling of the candidate controller/filter gains depending
on the control or filtering problems to be solved, then the length
of such intervals may vary in different environments. Without
loss of generality, we assume that the maximal delay of the
asynchronous switching, also denoted by 7.y, is known a
priori here.

In this section, we will investigate the filtering problem for
the underlying system (1)—(3) in the presence of asynchronous
switching. Based on Lemmas 3 and 4, the problem can be solved
starting from the so-called bounded real lemma (BRL), which
is used to give the stability and H, performance analyses for
system (6).

A. Bounded Real Lemma

By Lemmas 3 and 4, we can obtain a BRL for system (6) as
follows.

Lemma 5: (Theorem 3 in [35]) Consider the switched linear
system (6) andlet 0 < « < 1,8 >0,v; >0,Vi € Tandpu > 1
be given constants. If there exist matrices P; > 0 Vi € 7, such
thatV(i,j) €IXxTIi#j P < [J,Pj,@i < 0 and @z’j <0,
where

|'—Pi 0 PzAz P;E; T
A * i Cz Fi
©; = [ * x —(1-a)P; 0 (16)
* * =1
|'—P1' 0 PL'AA,L' PLAE‘L ]
Al ox o ¢ F;
* * * —; 27 |

then under the asynchronous delay 7p,.x, the corresponding
system is GUAS for any switching signal satisfying (11) and has
a guaranteed H, performance index v; = max{V§7max 1~;}.

B. H Filtering

Now a sufficient condition of the existence of the mode-de-
pendent full-order H, filters for the underlying system in the
presence of asynchronous switching is given in the following
Theorem.

Theorem 1: Consider system (1)—(3) and let 0 < a <
1,8 > 0,7, > 0, Vi € 7T and u > 1 be given con-
stants. If there exist matrices P;; > 0,P3; > 0 and ma-
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trices quj,X,;,E,Z,;,Af,;,Bﬁ, Cfi,ij,, Vi € 7 such that
(I)i S 0,(I)ij S 0 and
P Py Py Py
where
-@}1 @%2 0 @%4 X;B; + BfiDi
* @?2 0 @?4 ZiB; + By, D;
(I)i 2 * * -1 @?4 Lz — DfiDi
* * * @?4 0
L x * * * 'y2I
_(I)iljl (1)12 0 (1)214 X]BL + ijDi
(Dij é ES * —l (1)5’34 Lz — ijDi
* * * @?;l 0
L * * * * —2I

with ®!' £ P, — X; — X7, @l £ P, — X; — XT 912 £
Py Y, ZP®2 2Py Y, ZFand @ £ [X;A +
ByiC; Agi), @14 £ [X;A; + By;C; Agj, 0% £ [Z;A; +
ByiCi Ay, <1>24 £ [ZjAi+By;C; Ayj), @3 £ [H;—Dy;C; —
Cpil ®% 2 [H; - Dy;0; - Oy

44 & | —aPy; —aPs; 44 A
[ ]

—BPy;  —pPy
* —an,i

* —BPs;

atl-a, B £ 1+, then there exists a mode-dependent filter
with the asynchronous delay 7y, such that the corresponding
filtering error system (6) is GUAS for any switching signal with
ADT satisfying (11) and has an H, performance index v, =
max{V/#Tmax—1~,1 Moreover, if feasible solutions exist, the
admissible filter gains are given by

Api =Y, YA, Bp; = Y, 'B4;,Cp; =

Cti, Dpi = Dy;.

19)

Proof: First of all, for a matrix R;,Vi € Z, from the fact

(Pi R,L')TP,L'(PL' RL) Z 0, we have PZ' Ri RlT Z
RT P, 'R;, then we know the following inequalities
{Pi R, RT 0 R A; RiE; ]
[ * * (1 a)b 0 <0
* * * Y21 |
) (20)
P,—R; — RJT 0 R;A R;E
* * (1+0) 0 -
* * * 'y?I
(2D

guarantee ©; < 0 and ©;; < 0, respectively (see the proof
of [22, Theorem 3] for the similar mampulatlon) Then, replace
A;,C;, E;, F; and A7,C'7,E F in (20) and (21) by the ones in
(6) and assume the matrices P;, R; to have the following forms:

o | P Py A X Y
re[t plme 7 5]
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Defining matrix variables

Ap; =Y Api, By =Y;Bp;,Cp; = Cpi, Dy; = Dpy

(22)

one can readily obtain ®; and ®;;. Therefore, if ®; <0, ®;; <
0 and (18) holds, we have ©; < 0,0;; < 0 and P; < pFP;,
respectively. According to Lemma 5, the filtering error system
(6) is GUAS for any switching signal with ADT satisfying (11)
and has an H, performance index . In addition, from (22), the
mode-dependent filter gains are given by (19). This completes
the proof. O

In the absence of asynchronous switching, i.e., 7. = 0 in
Theorem 1, we can easily get the following corollary.

Corollary 1: Consider switched system (1)—-(3) and let
0 < a < 1, >0, Vi € Z and o > 1 be given
constants. If there exist matrices P;; > 0,P3 > 0
and P»;, X;,Y;, Zi7Afi7Bf'i7 Cf,;., Df,;,V’L. € 7 such that
V(i,7) € ITxZ,i # j,®; < 0 and (18) holds, where ¥;
is shown in Theorem 1, then there exists a mode-dependent
filter such that the resulting filtering error system is GUAS
for any switching signal with ADT satisfying (7) and has an
H, performance index v = max{-~; }. Moreover, if a feasible
solution exists, the admissible filter gains are given by (19).

Remark 5: Solving the convex problems contained in the
above Theorem 1 and Corollary 1, the scalars v and v, can be
optimized in terms of the feasibility of the corresponding con-
ditions. In addition, it is obvious that s > -y, which means that
the H, performance achieved in the presence of asynchronous
switching is worse than the one in the case of synchronous
switching. However, the filter designed without considering
asynchronous switching, even under the admissible switching
(11), may fail to obtain the prescribed (or optimized) v or even
vs, which we will show via the example in next subsection.

C. Examples

In this subsection, we will present two examples to demon-
strate the validity of the filter design approach in the presence
of asynchronous switching. The first numerical example is used
to show the necessity of considering asynchronous switching,
and the second example is derived from a PWM-driven boost
converter, a typical circuit system to illustrate the applicability
of the theoretical results.

Example 1: Consider a discrete-time switched linear system
(1)—(3) consisting of three subsystems described by

A — [~060 —0.05]  _[0.63 023
T lo38 068 | TPT 075 —0.68
[—0.75 —0.15 —0.30

As = | 0.75  0.90 } B = [ 0.20 }
[ 1.40 0.10
By = I 0.30]’ Bs = [ 0.10}
Cy =[0.10  0.10], =[0.30  0.40]
Cs=[ 010 0.20], L;=0.20
Dy =040, Dy = 0.50, D3=0.20
Hy=[0.70 0.30], H,=[0.20 0.40]
Hy=[ 010 0.20], Ly=030, Lz= 0.10.

The maximal delay of asynchronous switching 7., = 2.
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The objective is to design a mode-dependent full-order filter
and find out the admissible switching signals such that the re-
sulting filtering error system is stable with an optimized H.,
disturbance attenuation performance.

We shall first demonstrate that if one studies the filtering
problem of the above system assuming synchronous switching,
i.e., by Corollary 1, the corresponding design results will be in-
valid in the presence of asynchronous switching. Giving p =
1.05 and @ = 0.20 and solving the convex optimization problem
in Corollary 1, one can get 7, = 0.463, v* = 0.427 and the cor-
responding filter gains as

Ao [ 048 012 Ao _ [127 100

FI= 1039 065 | 271032 018
0.25 0.24

Ars = [ 0.25 0.99 } ' 23)

Due to the space limit, we omit Bp;,Cp;, Dp;,i = 1,2,3
here. The filtering error response in Fig. 3(a) shows that the
above filter is effective with v = 0.1536 < 0.4273 under a
switching sequence with 7, = 1 > 0.463 for given w(k) =
0.5exp( 0.05k). However, the filtering error responses in the
presence of asynchronous switching, plotted in Fig. 3(b)—(d) for
the switching sequences with 7, = 1,2, 3, respectively, show
that the filtering error system is stable though, the optimized
H ., performance can not be guaranteed. In other words, the de-
signed filter can not estimate the state of the original system
in a required H,, performance index. Now, turn to Theorem
1 and consider the asynchronous switching. By further giving
[ = 0 and solving the convex optimization problem in The-
orem 1, we can get 77 = 2.463, v = 1.872 and filter gains as
(Bpi,Cpi, Dp;,i = 1,2, 3 are omitted)

Ao _[015 —0.18 A _[036 098
FL=1 043 052 |7 271026 0.13
0.08  0.03
Aps = { 0.60  0.58 } ' 24)

Then, for the switching sequences with 7, = 3,4 (both are
greater than 2.463), the filtering error responses using filter (24)
are given in Fig. 4(a)—(b). Also, Fig. 5 gives the validation on the
H ., performance indices that the resulting filter error systems
can achieve when applying (23) and (24), respectively, under
randomly 200 switching sequences with 7, = 3. It can be ob-
served from Fig. 3, 4, and 5 that the H, filter (23) designed by
Corollary 1 is invalid (even can not ensure v = 1.872), on the
contrary, the filter obtained from Theorem 1 is effective in spite
of asynchronous switching.

Example 2: Consider a PWM (Pulse-Width-Modula-
tion)-driven boost converter, shown in Fig. 6. The switch s(¢)
is controlled by a PWM device and can switch at most once in
each period T'; L is the inductance, C' the capacitance, R the
load resistance, and e () the source voltage. As a typical circuit
system, the converter is used to transform the source voltage
into a higher voltage. The control problems for such power
converters have been widely studied in the literature, such as
the optimal control [36], the passivity-based control [37], and
the sliding mode control [38], etc. In recent years, the class of
power converters is alternatively modeled as switched system
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and the corresponding stabilization problem has also been
investigated [39], [40]. As done in [39], [40], by introducing
variables 7 = t/T, Ly = L/T and Cy = C/T, the differential
equations for the boost converter are as follows:

1 1
(1) = — 1_ 1. )
éulr) = —ggrec() + (1= s grinln) @9
: 1 1
in(t)= (1 s(1))—ec(7) + s(1)—es(r) (26)
Ly Ly
Then, (25)—(26) can be further expressed by
i=Ax, oe€{l,2} 27
where = = [ec,ir,1]T and
1 1 1
~rer o U “re, 00
Aj=| -4& 0 0|, A5= 0 0 £
0 0 0 0 0 0

Note that each mode in (27) is non-Hurwitz and the stabiliza-
tion problem for it is solved in [40] by designing stabilizing
switching laws (the result for the buck-boost converter therein
is applicable to the boost converter). As a prerequisite of em-
ploying the filtering techniques, however, all the modes of the
filtered system (1)—(3) should be stable. Here, differing from
[40], we assume that each mode is firstly stabilized by some con-
trol law and get a closed-loop continuous-time switched system
i = ASx,0 € {1,2}, where the two subsystems are both Hur-
witz. According to the same normalization technique used in
[40], the matrices in (27) can be given by

110 100
AS=1 10 0|, A5=|0 0 1
0 00 0 00

Since the objective in the example is to testify the asyn-
chronous H,, filter design techniques and show the potential
of the obtained theoretical results in circuit systems, we
assume the control matrices for (27) to be B = B; =
[ 0.1 0.4 0.5]" and a set of admissible controller gains
can be solved as K; = [-6.61 —1.07 —-932],K, =

[-5.37 —12.42 —10.07]. Then, the closed-loop system
can be obtained with matrices
[—0.34 1.11 0.93
A{=|-365 —-043 -3.73
| —3.30 —0.54 —4.66 |
[—0.46 1.24  1.00 ]
A5 =|-215 —-497 -3.03].
| —2.68 —6.21 —5.03

By setting a certain sampling time 7 = 7'/10 and considering
that there exists the disturbance input in the underlying system,
one can obtain

[ 094 0.10 0.06 |
A= 030 095 0.30
| 025 0.06 0.63 |
[ 093 0.08 0.07 ]
Ay = | =014 0.66 —0.20
| —0.16 —0.40 0.66 |
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Fig. 3. Filtering error response by filter (23): (a) Tvax = 0, ADT = 1, (b) Tvax = 2, ADT =1, (¢) Ttax = 2, ADT = 2,(d) Tviax = 2, ADT = 3.

in (1)—(3) and suppose other system matrices to be

0.30 1.40
By =| 020 By=| 030
0.10 0.20
Cy=[010 010 0.10], D;=04, Dy= 05
Cy=[0.30 040 0.10], Ly =Ly=0

H;=[0.70 0 0.30], H,=1[020 0 0.40].

Also, we assume the maximal delay of asynchronous switching
Tmax = 2. Then, by giving 1 = 1.02,« = 0.02, 8 = 0.01 and
solving the convex optimization problem in Theorem 1, we can
get 77 = 3.9652,vF = 2.2359 and filter gains as

[ 0.84 0.02 0.23 ]
Apy = | =0.07  0.67 —0.08

| —0.13 —0.01 0.48 |

[ 0.83 024 013 ]
Aps = | =037 096 —0.38].

| —0.28 —0.14 0.49 |

We also omit Bp;, Cr;, Dp;,© = 1,2 due to space limit. The
effectiveness of the desired filter with the above gains can be

verified by observing the responses of the filtering error sys-
tems in the same rein of Example 1. We only demonstrate the
applicability of the developed filter design techniques and omit
the curves here.

V. CONCLUSIONS AND FUTURE WORKS

The problems of the stability and /5-gain analyses and H
filtering for a class of discrete-time switched systems with ADT
switching are reinvestigated in this paper. By allowing the MLF
to increase during the running time of subsystems with a limited
increase rate, the more general stability and />-gain results are
obtained. Aiming at a more practical problem that the switching
of the filters may have a lag to the switching of system modes,
the asynchronous filtering is considered and the existence con-
ditions of the asynchronous H . filters for the underlying sys-
tems in linear cases are derived. It is also shown that the obtained
conditions cover the cases of synchronous switching. Two ex-
amples illustrate the validity and applicability of the obtained
theoretical results.

As future works in the theoretical aspect, it is expected that
the methodologies behind this paper can be used for the under-
lying switched systems with parameter perturbations, time de-
lays, etc. It is also worthwhile to investigate the asynchronous
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Fig.5. H. performance indices of filtering error system by filter (23) and filter
(24).

0.4

switching problems on the switched systems with other classes
of switching signals. As for the applications aspect, some ex-
amples with higher dimensions, which widely exist in circuits
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+

ect) Z=C

Fig. 6. Boost converter.

systems field, are significant to be considered and the desired
reduced-order filters design need to proceed.
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