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SUMMARY

Bipedal robots are becoming more capable as basic hardware and control challenges are

being overcome, however reasoning about safety at the task and motion planning levels has

been largely underexplored in the �eld. My work makes key steps towards guaranteeing

safe locomotion in cluttered environments in the presence of humans or other dynamic ob-

stacles by designing a hierarchical task planning framework that incorporates multi-level

safety guarantees. This layered planning framework is composed of a coarse high-level

symbolic navigation planner and a lower-level local action planner. A belief abstraction

at the global navigation planning level enables belief estimation of non-visible dynamic

obstacle states and guarantees navigation safety with collision avoidance. Both planning

layers employ linear temporal logic (LTL) for a reactive game synthesis between the robot

and its environment while incorporating lower-level safe locomotion keyframe policies into

formal task speci�cation design. The synthesized task planner commands a series of loco-

motion actions, including walking step length, step height, and heading angle changes, to

a motion planner which generates a center of mass trajectory and foot placements.

The modularity of the planning framework allows it to be applied to a diverse selec-

tion of robot agents such as bipedal robots, mobile robots, or quadcopters. Each type of

robot simply requires a modi�ed local action planner to generate actions and navigation

waypoints that take the robot's dynamic limitations into account. The high-level symbolic

navigation planner has been extended to leverage the capabilities of a team of heteroge-

neous agents to resolve unmodeled environmental con�icts that appear at runtime. When

an environment assumption that was used to synthesize a given navigation planner is vio-

lated at runtime, the navigation strategy loses its safety and task completion guarantees and

becomes invalid. Modi�cations in the navigation planner in conjunction with a coordina-

tion layer allow each agent to guarantee immediate safety and eventual task completion in

the presence of an assumption violation if another agent exists that can resolve the said vio-
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lation, e.g., a door is closed that another dexterous agent can open. This is achieved in four

steps: 1) The environment is characterized at runtime, and it is veri�ed whether the next

state in the controller automaton would satisfy or violate any safety speci�cations based on

runtime observations, 2) the immediate control action is replanned by backtracking states

in the automaton and replacing unsafe actions with known safe actions, 3) a resolution is

identi�ed and assigned to another agent, 4) involved agents replan to eliminate the viola-

tion.

The planning framework leverages the expressive nature and formal guarantees of LTL

to generate provably correct controllers for complex robotic systems. The use of belief

space planning for dynamic obstacle belief tracking and heterogeneous robot capabilities to

assist one another when environment assumptions are violated allows the planning frame-

work to reduce the conservativeness traditionally associated with using formal methods for

robot planning.
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CHAPTER 1

INTRODUCTION AND BACKGROUND

Robots are increasingly being integrated in real-life scenarios as they can provide a plethora

of physical, economic, and societal bene�ts when deployed correctly. Robots are able to

complete physical tasks that humans can't or don't want to perform, they provide busi-

nesses with novel solutions to automate tasks from logistics to maintenance, and have the

capability of operating in environments that are unsafe for humans, such as performing

search and rescue operations. Legged robots speci�cally present the most utility potential

in complex workspaces as they have the capability of operating in environments designed

for humans, outperforming wheeled robots at negotiating uneven terrain such as debris or

stairs. However, many problems still need to be solved before legged robots can be fully

integrated into our society.

Navigation in real-life workspaces presents the challenge of task and motion planning

as the environments may contain dynamic obstacles such as humans or other autonomous

robots. Dynamic obstacles may be adversarial or, more likely, may be oblivious to an au-

tonomous legged robot and will therefore not necessarily attempt to avoid collision with

such a robot. The burden of collision avoidance must lie on the robot planner to enable

such a robot to be safely inserted into existing environments. Collision avoidance with

dynamic obstacles is further complicated by static obstacles as they can occlude a robot

sensor's view of the environment, making it challenging to safely navigate around them,

this can bee seen in Figure 1.1. In the context of dynamic legged locomotion, maintaining

dynamic balancing, i.e., avoiding a fall [1, 2, 3], becomes an additional essential safety

criterion beyond avoiding collisions. Reasoning about safety from both levels has been

largely under-explored in the �eld. As one closely-related line of research, Wieber's recent

studies [4, 5] proposed a model predictive control (MPC) method to address safe naviga-
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Figure 1.1: A snapshot of the simulation environment for the proposed TAMP framework.
The walking robot is deployed to accomplish safe navigation tasks. The environment con-
tains static and dynamic obstacles, and uneven terrains.

tion problems for bipedal walking robots in a crowded environment. Nevertheless, their

work mainly focused onpassivesafety, i.e., the robot comes to a stop for collision avoid-

ance. Their MPC optimization weighs the safety criteria and lacks formal guarantees on

navigation safety.

Formal guarantees on safe task completion in complex environment has been gaining

interest in recent years [6, 7, 8], however the literature for multi-level guarantees for under-

actuated legged robots in a dynamic environments remains lacking. An intrinsic challenge

of multi-level formal guarantees for bipedal systems, is guaranteeing viable execution of

discretized high-level commands and generating continuous motion plans for the inher-

ently complex bipedal dynamics. This study explicitly addresses this challenge by encod-

ing low-level physics-consistent safety criteria into the high-level task speci�cation design.

This strategy ensures that, on top of collision avoidance, the task planner commands ac-

tions that can be safely executed by a low-level planner. The high level planning method

presented here takes one step towards using a symbolic planning method to designactive
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Figure 1.2: Block diagram of the proposed locomotion planning framework. The task
planner employs a linear temporal logic approach to synthesize actions. At the low-level,
the keyframe decision-maker generates the keyframe states sent to the motion planner.
Locomotion speci�cations from the low-level will be incorporated into the task planner.

navigation decisions for safety guarantees, i.e., the robot steers its walking direction to

avoid collisions besides the coming-to-a-stop strategy. A proposed integrated hierarchical

framework seen in Figure 1.2 provides multi-layer formal safety and navigation guarantees

for underactuated bipedal system operating in dynamic, cluttered, and partially observable

environments. The work presented here is a continuation of prior work [9], with extensions

toward formal guarantees on low-level motion plans, non-determistic high-level transitions,

and joint-belief abstractions for tracking the belief state of multiple dynamic obstacles to

generate safe reactive plans for the 20 Degrees of Freedom (DoF) Cassie bipedal system

[10].

A major challenge of reactive synthesis methods for formal guarantees on a system

is that they require an explicit model of the environment's capabilities and are not in-

herently robust to unexpected changes in these capabilities encountered at runtime [11].

For example, an unmodeled obstacle that interferes with the operation of the system may

unexpectedly appear. General Reactivity of Rank 1 (GR(1)) is a fragment [12] of Lin-

ear Temporal Logic (LTL), a common and suitable speci�cation language for designing

correct-by-construction robot controllers due to its expressiveness and relative computa-

tional ef�ciency. GR(1) speci�cally relies on an assumption guarantee structure where the

3



Figure 1.3: A conceptual illustration of a heterogeneous multi-agent team of robots com-
pleting diverse tasks in an indoor logistics environment (Special Credit to Yuki Yoshinaga
for sharing this simulation).

system behavior is only guaranteed when the environment assumptions used during con-

troller synthesis hold true at runtime. Ensuring that the system's operation is robust to envi-

ronmental changes is therefore a challenging yet important consideration when designing

a reactive task and motion planner [13].

It is particularly important for task and motion planning to be robust to common unpre-

dictable obstructions that are unreasonable and unnecessary to explicitly and completely

model within the environment assumptions, such as physically obstructed hallways and

doorways, or changes in terrain estimation con�dence due to new debris that may affect

traversability. We envision that teams of heterogeneous multi-agent systems with distinct

mobility capabilities are deployed to cooperatively solve a larger variety of tasks than those

consisting of heterogeneous agents [14, 15]. An illustration of such collaboration can be

seen in Figure 1.3. To achieve autonomous team behaviors such as the multi-room pa-

trolling, a common approach is to automatically synthesize a controller for each agent that

contains a decomposed component of a global task. The task and motion planning frame-

4



Table 1.1: Key performance classi�cations of this thesis.

Performance Navigation planner Action planner Multi agent coordination
index (chapter 3) (chapter 3) layer (chapter 4)

Navigation safety
Static and dynamic Guarantee desired

navigation transitions
via LTL synthesis

Static & dynamic
obstacle collision avoidance
guarantees via LTL synthesis

obstacle collision avoidance
guarantees via LTL synthesis

Locomotion safety N/A

Commanded actions
guaranteed to meet

safety criteria encoded in
LTL speci�cations

(To be explored)

Computational
tractability

Joint belief
space planning (To be explored)

Online resynthesis
at coarse abstraction

only

Robustness
Belief tracking over

approximates possible
obstacle movement

Online action replanning Multi agent collaborative
con�ict resolutionfor disturbances

& imperfect tracking

work created for bipedal planning is amenable to synthesizing controllers for a diverse set

of robots as speci�c robot dynamics considerations are contained within the action planning

layer, a single interchangeable component within the high level task planner. Utilizing a

cohesive framework for a set of heterogeneous agents allows for a uni�ed solution for inter-

agent collaboration. The proposed solution focuses on leveraging each agent's individual

capabilities to resolve broken environment assumptions that prevent another agent from

achieving its objective. Formally, we consider scenarios in which the broken environment

assumption causes an agent's speci�cation to become unrealizable, yet another agent has

the ability to �x the violation.

The planning framework proposed in this work leverages the expressive nature and

formal guarantees of LTL to generate provably correct controllers for complex robotic sys-

tems. Low level continuous dynamics are captured in abstract discrete high level transition

speci�cations to create a reactive and provably safe task planner for bipedal locomotion

navigation in partially observable environments. The use of belief space planning for dy-

namic obstacle belief tracking and heterogeneous robot capabilities to assist one another

when environment assumptions are violated allows the planning framework to reduce the

conservativeness traditionally associated with using formal methods for robot planning.

Table 1.1 shows a summary of the performance bene�ts of each component proposed in

this framework.
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1.1 Related Work

Formal synthesis methods have been well established to guarantee high-level robot behav-

iors in dynamic environments [16, 17, 18, 19, 20]. Collision-free navigation in the presence

of dynamic obstacles has been achieved via multiple approaches such as local collision

avoidance controllers in [21], incrementally expanding a motion tree in sampling-based

approaches [22], and Velocity Obstacle Sets generated by obstacle reachability analysis in

[23]. Collision avoidance and task completion become more challenging to guarantee when

the environment is only partially observable as such an environment has a strategic advan-

tage in being adversarial. Navigating through partially known maps with performance

guarantees has been achieved through exploring [24], updating the discrete abstraction,

and re-synthesizing a controller at runtime in [25]. To avoid the computational costs of on-

line re-synthesis, others have proposed patching a modi�ed local controller into an existing

global controller when unmodeled non-reachable cells, i.e. static obstacles, are discovered

at runtime [26, 27]. The authors in [25] have proposed a satisfaction metric of speci�cation

to meet the speci�cation as closely as possible when run-time discovered environment con-

straints render the speci�cation unsatis�able. Lastly, the work of [28] proposes a receding

horizon planning method for ef�cient synthesis of short-horizon plans. As unmodeled ob-

stacles appear in the planning horizon, a goal generator re-computes a path to a satisfying

state. These approaches above are better suited for guaranteeing successful navigation and

collision avoidance in environments that are uncertain only with respect to static obstacles

as they can not reason about when and where a dynamic obstacle may appear.

Collision avoidance with dynamic obstacles in partially observable environments has

been achieved through approaches such as POMDPs [29], Probabalistic velocity obstacle

modeling [30], and object occlusion cost metrics [31]. The authors in [32] guarantee pas-

sive motion safety by avoiding braking Inevitable Collision States (ICS) at all times via a

braking ICS-checking algorithm. While these solutions provide collision avoidance guar-
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antees, they assume dynamic obstacles could appear at any time and result in an overly

conservative strategies. Our method investigates belief-space planning to provide the con-

troller additional information on when and where dynamic obstacles may appear in the

robot's visible range to inform the synthesized strategy if navigation actions are guaran-

teed to be safe, even when static obstacles occlude the robot's view adjacent environment

locations. We have devised a variant of the approach in [33] to explicitly track a belief of

which non-visible environment locations are obstacle free, reducing the conservativeness

of a guaranteed collision-free strategy. This belief tracking method is then integrated into

our hierarchical TAMP framework.

A major challenge of reactive synthesis methods is that they require an explicit model

of the environment's capabilities and may not be robust to unexpected changes in these ca-

pabilities encountered at runtime [11]. For example, an unmodeled obstacle that interferes

with the operation of the system may unexpectedly appear. Ensuring that the system's oper-

ation is robust to environmental changes is therefore an important area of research. To this

end, multiple lines of research have been proposed in the literature, such as online synthesis

of local strategies which are further patched to the original controller [26], of�ine analysis

of counter-strategies to resolve unrealizable speci�cations [34], controller synthesis that

can tolerate a �nite sequence (up toN steps) of environmental assumption violations [35],

or robust metric automata design such that the system state is maintained within a bounded

� -distance from the nominal state under unmodeled disturbances [36]. There also exist

robustness methods that allow the system to identify speci�c broken environment assump-

tions [37]. However, none of these works studied the strategy of employing other agents

to resolve the environmental con�ict, which will be the focus of the planning framework

extension presented in this paper, as little has been explored in this direction. For exam-

ple, the authors in [38] have studied the correction of broken assumptions, but focus on

the cases where the broken assumption is due to unexpected behaviors by another agent

operating within the workspace, which is resolved by changing that agent's behavior.
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1.2 Thesis Structure

This work proposes a novel planning framework that utilizes reactive synthesis methods

for safe collision free locomotion navigation with guarantees on task completion. The

Framework has been extended to handle collaborative agent solvable assumption violations

that occur at runtime. The structure of this thesis is organized as follows.

First, an introduction to the GR(1) fragment of LTL used for reactive controller syn-

thesis, and the fundamentals of motion planning for bipedal locomotion using a Reduced

Order Model (ROM) will be provided in chapter 2.

Next the hierarchical task planning framework will be outlined in chapter 3. The task

planner is split into two layers with different environment abstractions, a global navigation

planner and a local action planner. The details of the navigation planner's obstacle belief

tracking are expounded for single and multiple obstacle scenarios, and the planners ef�cacy

is demonstrated.

Extensions to the planning framework to allow for multi-agent collaboration in the

presence of runtime environment assumption violations are described in chapter 4. This

is achieved through four steps: environment characterization, safe action replanning, vi-

olation resolution, and task replanning. We refer to these components collectively as the

“coordination layer” that interacts with the other elements of the planner. Three case stud-

ies highlighting the opperation of this solution in 2D gridworld simulations are presented.

Finally, an overview of the presented work is given in chapter 5 and opportunities for

future extensions are discussed.
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CHAPTER 2

PRELIMINARIES

This chapter will explain the preliminaries required for constructing a high level task plan-

ner for bipedal locomotion navigation with formal correctness guarantees, namely the dy-

namic constraints by which the high level planner needs to adhere and the details of the

GR(1) fragment of LTL used for reactive synthesis are introduced.

2.1 Phase-space planning

First the dynamics of a reduced order Prismatic Inverted Pendulum Model (PIPM) [39] are

derived. Then, the phase-space planning approach to generate the center-of-mass (CoM)

trajectories of the reduced order model [40] are summarized. In addition, the locomotion

keyframe state, a discretized state of our phase-space planning (PSP) approach, used as a

connection between the high-level planner layer and phase-space planner layer is de�ned.

Finally the locomotion safety criteria used to inform the high level task planning strategy

are detailed.

2.1.1 Reduced-orderLocomotionPlanning

This subsection �rst introduces mathematical notations of our reduced-order model. As

shown in Figure 2.1, the CoM positionpcom = ( x; y; z)T is composed of the sagittal, lateral,

and vertical positions. We denote the apex position aspapex = ( xapex; yapex; zapex)T , the

foot placement aspfoot = ( x foot ; yfoot ; zfoot )T , andhapex is the relative apex CoM height

with respect to the stance foot height.vapex denotes the CoM velocity atpapex. � y1 is the

lateral distance between CoM and the high-level waypointw 1 at apex.� y2 := yapex � yfoot

is de�ned to be the lateral CoM-to-foot distance at apex. This parameter will be used to

1The high-level discrete representation of the robot location.
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Figure 2.1: Reduced-order modeling of Cassie robot as a 3D prismatic inverted pendulum
model with all of its mass concentrated on its CoM and a telescopic leg to comply to the
varying CoM height.� y1 is the relative lateral distance between lateral CoM apex position
and the high-level waypointw , and� y2 is the lateral distance between the CoM lateral
apex position and the lateral foot placement.

determine the allowable steering angle in subsection 2.1.3.

PIPM has been widely explored in the literature [39]. Here we reiterate for complete-

ness the derivation of the centroidal dynamics of such model. The centroidal momentum

dynamics are formalized for our single contact case using moment balance along with lin-

ear force equilibrium as such

(pcom � pfoot ) � (f com + mg) = � � com (2.1)

where� com is the angular moment of the modeled �ywheel on the CoM, andg is the

gravitational vector. For nominal planning we set� com = 0. Formulating the dynamics

(Equation 2.1) forqth walking step as hybrid control system

•pcom;q = �( pcom;q; u q) =

0

B
B
B
B
@

! 2
q(x � x foot ;q)

! 2
q(y � yfoot ;q)

a! 2
q(x � x foot ;q)

1

C
C
C
C
A

(2.2)

where the asymptote slope! =
p

g=hapex. The hybrid control input isu q = ( ! q; pfoot ;q),
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with pfoot ;q being the hybrid input2.

When the CoM motion is constrained within a piece-wise linear surface parameterized

by h = a(x � x foot ) + hapex, whereh denotes the CoM height from the stance foot, the

reduced-order model becomes linear and an analytical solution exists. Detailed derivations

are elaborated in Appendix A.

Summary of Phase-space Planning:In PSP, the sagittal planning takes precedence over

the lateral planning. The decisions for the planning algorithm are formulated in the sagittal

phase-space, like step length and CoM velocity. On the other hand, the lateral phase-space

parameters are searched for to adhere to the sagittal phase-space plan. In this paper we build

on our previous work on PSP [39, 9], by formulating safety guarantees for sagittal planning

in order to achieve successful transition between keyframe states in case of perturbation

in subsection 2.1.3. Moreover, we employ an optimization algorithm based on the lateral

apex states that selects the next sagittal apex velocity that would allow the lateral dynamics

to comply to high-level waypoint tracking in subsection 2.1.4.

2.1.2 LocomotionKeyframe

PSP uses keyframe states for non-periodic dynamic locomotion planning[39]. Our study

generalizes the keyframe de�nition in our previous work by introducing diverse navigation

actions in 3D environments.

De�nition 2.1.1 (Locomotion keyframe state). A keyframe state of our reduced-order model

is de�ned ask = ( d; � �; � zfoot ,vapex; zapex) 2 K , where

• d := xapex;n � xapex;c is the walking step length3;

• � � := � apex;n � � apex;c is the heading angle change at two consecutive CoM apex

states;
2Hereafter, we will ignore the subscript q for notation simplicity. We will instead use�c and�n denoting

the current and next walking steps, respectively
3while in straight walkingd represents the step length, this step length during steering walking is adjusted

to reach the next waypoint on the new local coordinate.
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• � zfoot := zfoot ;n � zfoot ;c is the height change for successive foot placements;

• vapex is the CoM sagittal apex velocity;

• zapex is the global CoM height at apex.

The keyframe state is composed of a high-leve (HL) action (aHL ) and a low-level (LL)

action (aLL ). The HL action is de�ned asaHL = ( d; � �; � zfoot ; ) 2 A HL , which is de-

termined by the navigation policy to be designed in the task planner. The parametersd,

� � , and� zfoot are expressed in the Cartesian space as the high-level way-pointsw . On

the other hand, the LL action isaLL = ( vapex; zapex) 2 A LL , which is determined in the

low-level phase-space planner. The keyframe parameters are sent from the high-level task

a planner to the phase-space planneronlineas shown in Figure 1.2.

2.1.3 LocomotionSafetyCriteria

As bipedal robots become increasingly integrated in dynamic workspaces, safe operation in

presence of unexpected perturbation is critical. In this section we propose safe locomotion

criteria and navigation guarantees based on the locomotion keyframe state, which includes

both high-level action (aHL ) and high-level action (aLL ), thus providing safety guarantees

for our integrated framework. In this subsection we present locomotion safety theorems

based on PIPM introduced in subsection 2.1.1.

As a general principle of balancing safety, the sagittal CoM position should be able to

cross the sagittal apex with a positive CoM velocity while the lateral CoM velocity should

be able to reach the zero lateral velocity threshold at the next apex state. Ruling out the fall

situations provides us upper and lower bounds of the balancing safety region.

First, we study the constraints between apex velocities of two consecutive walking steps

and propose the following theorems and corollaries.

Theorem 2.1.1.For safety-guaranteed straight walking, givend and! , the apex velocity
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Figure 2.2: Phase-space safety region for steering walking: (a) shows three consecutive
keyframes with a heading angle change (� � ) between the current keyframe and the next
keyframe. The CoM trajectory and its projection on the sagittal-lateral space is represented
by the blue surface. The direction change introduces a new local coordinate, where the
dashed black line is the sagittal coordinate before the turn, and the red dashed line is the
sagittal coordinate after the turn. Sub�gures (b) and (c) show the sagittal and lateral phase-
space plots respectively, both satisfying the safety criteria proposed in Theorem 2.1.2. The
subscriptsp, c andn denote the previous, current, and next walking steps, respectively.

for two consecutive walking steps ought to satisfy the following velocity constraint:

� ! 2d2 � v2
apex;n � v2

apex;c| {z }

apex velocity square difference

for two consecutive steps

� ! 2d2 (2.3)

whered2 = ( xapex;n � xapex;c)(xapex;c + xapex;n � 2x foot ;c). Notably,d is equal to the step

length in Def. 2.1.1, i.e.,d = xapex;n � xapex;c, during a straight walking wherexapex;c =

x foot ;c. The proof of this criterion can be seen in Appendix B.

Another consideration for safety is to limit the maximum allowable velocity of the

CoM. Since the maximum velocity occurs at the foot switching juncture, we explicitly

enforce an upper velocity bound to this switching velocityvswitch to avoid jerky motions

magni�ed by the ground impact dynamics from the real system. Through the analytical

solution of the reduced-order model in Appendix A, we solve for the sagittal CoM velocity

at the switching juncturevswitch = 	( vapex;c; vapex;n ; d). Therefore, we set an upper bound

onvswitch to limit the maximum allowed CoM velocity, i.e.,vswitch � vmax .

Similar to Theorem 2.1.1,vswitch provides a nonlinear relationship between sagittal
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apex velocities for two consecutive apex states. Combining the boundary conditions in

Theorem 2.1.1 and the limit ofvswitch allows us to quantify the viable region ofvapex;n

givenvapex;c, d, and! to achieve locomotion safety.

The steering case however, requires a more restrictive criterion. A fall will occur when

vapex;c is out of a safety range such that either the lateral CoM velocity cannot reach zero at

the next apex state or the sagittal CoM can not climb over the next sagittal CoM apex.

Theorem 2.1.2.For safety-guaranteed steering walking, the current sagittal CoM apex

velocityvapex;c in the original local coordinate should be bounded by

� y2;c � ! � tan � � � vapex;c �
� y2;c � !
tan � �

(2.4)

Figure 2.2 shows a steering walking trajectory and phase-space plot that satisfy The-

orem 2.1.2. Namely, the CoM in the sagittal and lateral phase-space should not cross the

asymptote line of the shaded safety region as seen in Figure 2.2. This criterion is speci�c

to steering walking, as the heading change (� � ) introduces a new local frame, which yields

the current state� c to no longer be an apex state in the new coordinate. As such, it has

non-apex sagittal and lateral components, i.e.,vy;c 6= 0, andxapex;c 6= x foot ;c.

Corollary 1. For steering walking in Theorem 2.1.2, givend, � � , � y2;c and! , two con-

secutive apex velocities ought to satisfy the following velocity constraint:

� ! 2d2 � v2
apex;n � (vapex;c cos � � )2 � ! 2d2

+ (2.5)

whered2
+ = d2 + 2� y2;cdsin � � .

Corollary 2. For steering walking in Theorem 2.1.2, similarly, givend, � � , � y2;c, and! ,

two consecutive apex velocities ought to satisfy the following velocity constraints,

� ! 2d2 � v2
apex;n � (vapex;c cos � � )2 � ! 2d2

� (2.6)
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whered2
� = d2 � 2� y2;cdsin � � . Note that, parametersvapex;n , d, and� � in Equation 2.3-

Equation 2.6 are the keyframe states.

The aforementioned safety theorems provide quanti�cation bounds on next keyframe

selection that leads to viable transitions under nominal conditions. These theorems are

used to generate locommotion keyframe transitions that ensure locomotion safety based on

controllable regions and sequential composition to provide guarantees on the progression

of the system states� adhering to Theorems 2.1.1- 2.1.2 under bounded disturbance.

De�nition 2.1.2 (Locomotion safety). Safety for a locomotion process is de�ned as a

formally-guaranteed successful transition between consecutive locomotion keyframe states

k 2 K while the robot maintains its balance, i.e., avoids a fall.

2.1.4 KeyframeDecisionMakerfor WaypointTracking

In the previous section, we de�ned safety theorems that guarantees locomotion safety as

de�ned in Def. 2.1.2. Now we turn our focus on another consideration for safe task com-

pletion by ensuring tracking of the high-level waypoints. The lateral phase-space plan is

determined based on the sagittal phase-space plan, as the lateral dynamics transition be-

tween two apex states needs to obey a consistent timing as that of the sagittal dynamics

transition. Therefore, the lateral dynamics depend on sagittal apex velocities and sagittal

step length. In previous work [39], the lateral foot placement is solved through a Newton-

Raphson search method, such that the lateral CoM velocity is bounded and equal to zero at

the next lateral CoM apex. While our previous method achieved stable walking and turning,

it lacks the consideration of high-level navigation task accomplished through tracking of

the high-level waypoints. Therefore, it provides no guarantee that the lateral CoM motion

will be able to track the high-level waypoint. In my work [9] we proposed a heuristic based

policy that restricted the allowable keyframe transitions to achieve waypoint tracking for

speci�c locomotion plans. In [41], we extend our previous work by adding an algorithm
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that manipulates the sagittal phase-space plan to allow high-level waypoint tracking. First

let's de�ne the viable ranges for� y2 and� y1.

De�nition 2.1.3 (Viable range for lateral apex CoM-to-waypoint distance). R � y1
..=

f � y1j� y1+� y2 � bsafetyg, wherebsafety denotes the safety boundary around the waypoint.

De�nition 2.1.4 (Viable range for lateral apex CoM-to-foot distance). Given the safety cri-

terion for steering walking de�ned in Theorem 2.1.2, the viable range for lateral CoM-

to-foot distance at apex is de�ned asR � y2
..= f � y2jvapex;max � tan � �=! � � y2 �

(vapex;min )=(! � tan � � )g.

R � y1 is de�ned in such a manner to limit the lateral deviation of the robot's CoM

and foot location from the high-level waypoint, in order to avoid collisions with obstacles.

Given Defs. 2.1.3-2.1.4, we can track the high-level waypoint as follows.

Proposition 2.1.3. Viable lateral tracking of the high-level waypoint is achieved only if

(i) � y2 and� y1 are bounded within their respective viable ranges, i.e.,� y1 2 R � y1 and

� y2 2 R � y2 , and (ii) sign(� y1;k+1 + � y2;k+1 ) = � sign(� y1;k + � y2;k ), wherek indices

thekth walking step.

Proposition 2.1.3 requires that the sign of the sum of� y1 and� y2 alternates between

consecutive keyframes in order to guarantee that the high-level waypoint and lateral CoM

are contained between the lateral foot placement for One Walking Step (OWS).

The analytical solutions of� y1;n and� y2;n are highly nonlinear and depend on multi-

ple parameters including the step lengthd, heading angle change� � , current and next apex

velocitiesvapex;c, vapex;n and the current lateral state of the system� y1;c and� y2;c. How-

ever,(d; � � ) 2 aHL are determined by the navigation policy designed in the high-level task

planner, andvapex;c, � y1;c and� y2;c are �xed from the previous step. Therefore, we manip-

ulatevapex;n to adjust the sagittal phase-space plan and subsequently the lateral phase-space

plan. To this end, we sample a set of equidistant valuesvapex;n 2 [vapex;min ; vapex;max ] and
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calculate a cost� , which penalizes deviation of� y1;n and� y2;n from their respective de-

sired values� y1;d and � y2;d meeting Proposition 2.1.3 and selected by the designer4.

After the sampling, we setvapex;n to the optimal next apex velocityvapex;opt that results in

the minimum cost. This procedure is presented in algorithm 1.

Algorithm 1: Optimal Next Apex Velocity for Waypoint Tracking

Input: d, vapex;c, � y1;c, � y2;c, and a velocity sampling incrementvinc ;
Set: vapex;n = vapex;min , cost�  1 , � y1;d 2 R � y1 and� y2;d 2 R � y2 , and cost
weightsc1 andc2;

while vapex;n � vapex;max do
tFHWS , tSHWS  sagittal PSP with (d, vapex;c, vapex;n );
� y1;n , � y2;n  Newton-Raphson Search [39];
� new = c1(� y1;d � � y1;n ) + c2(� y2;d � � y2;n );
if � new < � then

�  � new;
vapex;opt  vapex;n ;

end
vapex;n  vapex;n + vinc ;

end
Output: vapex;n = vapex;opt ;

2.2 Reactive Synthesis

Straightforward robotic tasks in simple environments may be addressed by a manually

designed state machine that models a set of robot-environment state combinations and en-

codes the correct high-level actions. However, as the task complexity, the number of inputs,

or the number of decision variables increases, manually modeling all the combinations is

no longer feasible to guarantee correct execution of the system. Reactive synthesis methods

have been studied for automatic high-dimensional state machine generation from high-level

symbolic speci�cations [42]. Speci�cally LTL allows system constraints and desired prop-

erties to be expressed in a mathematically precise yet intuitive manner. Once system char-

acteristics and desired behaviors have been captured in LTL speci�cations, off-the-shelf

4The middle value of the viable range as the desired value in the implementation.
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solvers can be used to synthesize a state machine that is able to output a correct high-level

action for any modeled environment behavior guaranteed to meet safety and task speci�ca-

tions. LTL is a systematic approach to design a robot task planner and makes the resulting

controller modular, allowing the planner to be adapted to changing task requirements with

minimal modi�cation to the controller speci�cation design. The use of symbolic language

further facilitates the implementation of a tailored LTL planning structure as it is human-

interpretable [43], allowing the task planner do be understood by non-technical specialists.

This customizability lowers the cost of deploying a robotic sorting solution in intricate new

scenarios, lowering the barriers of entry to autonomous robotic solutions for complex tasks.

To formally guarantee goal tasks are achievedin�nitely often while the safety speci�-

cations are met, we use GR(1) [44], a fragment of LTL. The GR(1) formula, in particular,

allows for reactive synthesis algorithms that have favorable polynomial complexity while

retaining the ability to encode a large variety of speci�cations [45, 46, 47]. GR(1) allows us

to design temporal logic formulas (' ) with atomic propositions (AP) that can either beTrue

(' _ : ' ) or False (: True). With negation (: ) and disjunction (_) one can also de�ne the

following operators: conjunction (^ ), implication () ), and equivalence (, ). There also

exist temporal operators “next” (
 ), “eventually” (� ), and “always” (� ).

GR(1) mission speci�cations are of the form:

(' e
i ^ ' e

t ^ ' e
g) ) (' s

i ^ ' s
t ^ ' s

g) (2.7)

The speci�cation is an implication between a set of assumptions and a set of guarantees.

On the left hand side of Equation 2.7 we have the environment initialization assumption

(' e
i ), the environment transition (safety) assumption (' e

t ), and the environment liveness

assumption (' e
g). On the right hand side we have the system initialization guarantees (' s

i ),

the system transition (safety) guarantees (' s
t ), and the system liveness guarantees (' s

g).

Initial conditions are free from temporal operators and simply dictate the initial state of the

system and environment. Safety conditions are to always be satis�ed and dictate how the
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APs of the system may evolve between the current and next time step of the execution.

Finally the liveness conditions are to be satis�ed in�nitely often and are of the form��  .

Known properties of the environment in which a system is intended to operate are encoded

in the assumptions, while desired behavior the system guaranteed to satisfy are captured in

the guarantees. If a mission speci�cation is realizable the system ensures the guarantees

are satis�edonly when the environmnet assumptions hold true. Further details of GR(1)

can be found in [12]. Our implementation uses the SLUGS reactive synthesis tool [48] to

design speci�cations with APs and natural numbers, which are automatically converted to

ones using only APs.
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CHAPTER 3

TASK PLANNING VIA BELIEF ABSTRACTION

This section will employ the locomotion keyframe properties from chapter 2 for the high-

level task speci�cation design. The goal of our temporal-logic-based task planner is to

achieve safe locomotion navigation in a partially observable environment with dynamic

obstacles as de�ned below

De�nition 3.0.1 (Navigation Safety). Navigation safety is de�ned as dynamic maneuver-

ing over uneven terrain without falling while avoiding collisions with static and dynamic

obstacles.

To achieve safe navigation, the task planner evaluates observed environmental events at

each walking step and commands a safe action set to the middle-level phase-space planner

as shown in Figure 1.2 while guaranteeing goal positions to be visitedin orderandin�nitely

often. In particular, we study a pick-up and drop-off task while guaranteeing static and

dynamic obstacle collision avoidance.

We design our task planner using formal synthesis methods to ensure locomotion ac-

tions guarantee navigation safety and task completion. The discrete abstraction granularity

required to plan walking actions for each keyframe is too �ne to synthesize plans for large

environment navigation. Therefore, we have split the task planner into two layers: A high-

level navigation planner that plays a navigation and collision avoidance game against the

environment on a global coarse discrete abstraction, and an action planner that plays a lo-

cal game on a �ne abstraction of the local environment (i.e., one coarse cell). The action

planner generates action sets at each keyframe to progress through the local environment

to achieve the desired coarse-cell transition in the navigation game after multiple walking

steps.
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3.1 Navigation Planner Design

A top-down projection of the navigation environment is discretized into a coarse two-

dimensional grid as shown in Figure 3.8. Each time the robot enters a new cell, the navi-

gation planner evaluates the robot's discrete location (l r;c 2 L r;c ) and heading (hr;c 2 H r;c )

on the coarse grid, as well as the dynamic obstacle's location (lo 2 L o), and determines a

desired navigation action (na 2 N a). The planner can choose for the robot to stop, or to

transition to any reachable safe adjacent cell.L r;c andL o denote sets of all coarse cells the

robot and dynamic obstacle can occupy, whileH r;c represents the four cardinal directions

in which the robot can travel on the coarse abstraction. The dynamic obstacle moves un-

der the following assumptions: (a) it will not attempt to collide with the robot when the

robot is standing still, (b) it's maximum speed only allows it to transition to an adjacent

coarse cell during one turn of the navigation game, and (c) it will eventually move out of

the way to allow the robot to pass. Assumption (c) prevents a deadlock [49]. Static obstacle

locations are encoded as safety speci�cations. Given these assumptions, the task planner

in section 3.4 will guarantee that the walking robot can achieve a speci�c navigation goal

while preventing collisions with static and dynamic obstacles.

3.2 Action Planner Design

The local environment, i.e., one coarse cell, is further abstracted into a �ne discretization.

At each walking step, the action planner evaluates the robot state in action planning en-

vironment (eHL )1 consisting of the discrete waypoint location (l r;f 2 L r;f ) and heading

(hr;f 2 H r;f ) on the �ne grid, as well as the robots current stance foot index (i st), and de-

termines an appropriate action set (aHL ) de�ned in Def. 2.1.1. The action planner generates

a sequence of locomotion actions guaranteeing that the robot eventually transitions to the

next desired coarse cell while ensuring all action sets are safe and achievable based oneHL

1We use the symboleHL to represent the robot state, since this symbol represents the second player in the
game, i.e., the environment player.
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andaHL . Note that, the �ne abstraction also models the terrain height for each �ne-level

cell, allowing the action planner to choose the correct step height� zfoot for each keyframe

transition.

During locomotion, the nominal robot state transitions are deterministically modeled

within the action planner based on the current game state and system action, however, the

nominal transition is not guaranteed. To account for this, we model additional necessary

nondeterministic transitions to handle the following cases:

• The robot location is far enough from the centroid of a cell that the same geometric

cell transition puts the robot in a different cell at the next step than expected. This

occurs because in�nite number of continuous locations are captured in one discrete

cell.

• Not all the robot states can be captured in the discrete abstraction, such as the robot

CoM velocity, which, however, may still affect transitions.

• The robot may be perturbed externally while walking, altering the foot location at

the next walking step.

We have encoded nondeterministic transitions, and associated transition �ags (tnd), to cap-

ture these cases into action planner's environment assumptions. This �ag variabletnd is

encoded as a special automaton state that will be used to replan the foot location of the next

walking step. An example of addressing a sagittal perturbation will be shown in Figure 3.7

(c).

An example of modeled nondeterministic transitions can be seen in Figure 3.1. The

CoM trajectory sometimes imperfectly tracks the waypoints due to accumulated differences

in the continuous keyframe state represented by the same discrete stateeHL . The reduced-

order motion planner identi�es when the waypoint needs to be shifted from the lateral

case and informs the action planner, which veri�es the updated waypoint is allowed by the

non-deterministic transition model and continues planning from the new waypoint.
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Figure 3.1: Illustration of �ne-level steering walking within one coarse cell. Discrete ac-
tions are planned at each keyframe allowing the robot to traverse the �ne grid toward the
next coarse cell. The waypoint transitions nondeterministically following the turn. A set of
locomotion keyframe decisions are also annotated.

3.3 Capturing Low-level Constrains in the High-level Planner

To ensure the action planner only commands safe and feasible actions, we must take into

account the underlyingLocomotion Safety. This is achieved by capturing low-level con-

straints in the high-level planner speci�cations. Action planner state transition limitations

based on straight walking step length constraints in Theorem 2.1.1, and kinematic con-

straints from the Cassie leg, are directly encoded in the action planner speci�cations.Loco-

motion safetyis guaranteed when the combination of apex velocity, heading angle change,

and foot placement meets Theorems 2.1.1- 2.1.2. These constraints are not able to be

directly captured as the action planner does not reason about CoM velocity and the dy-

namic equations of motion can not be encoded in symbolic speci�cations. Instead, they are

captured by generating a library of permissible turning sequences based on discrete robot

states that are known to meet the above constraints (see Table 3.2). For example, given

! = 3:15 rad/s,� y1;c = 0:14 m (equals to� y1;d in algorithm 1), and an allowablevapex

range[0:2; 0:7] m/s, Theorem 2.1.2 results in� � � 24:40� . Any turning angle larger

than this value will results in a high-level action that is not executable by the middle-level
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motion planner. Thus we choose� � = 22:5� such that we can complete a90� turn in 4

consecutive walking steps. A safe turning sequence can be seen in Figure 3.1.

To ensure that collision avoidance in the abstract game translates to collision-free lo-

comotion in the continuous domain, we guarantee the locationl r;f stays far enough away

from any obstacles. algorithm 1 ensures that the distance betweenl r;f and the robot's de-

sired foot placement does not exceedbsafety as detailed in subsection 2.1.4. The action

planner guaranteesl r;f is never in a cell that is less than a distancebsafety away from the

neighboring coarse cell that may contain static or dynamic obstacles via safety speci�ca-

tions. The planner guarantees this distance even after non-deterministic sagittal and lateral

transitions, ensuring collision avoidance.

3.4 Task Planner Synthesis

To formally guarantee that the goal locations are reachedin�nitely often while the safety

speci�cations are met, we use GR(1), a fragment of LTL.

A navigation game structure is proposed by including robot actions in the tupleG :=

(S; sinit ; TN ) with

• S = L r;c � L o � H r;c � N a is the augmented state;

• sinit = ( l init
r;c ; l init

o ; hinit
r;c ; ninit

a ) is the initial state;

• TN � S � S is a transition relation describing the possible moves of the robot and

the obstacle.

To synthesize the transition systemTN , we de�ne the rules for the possible successor state

locations which will be further expressed in the form of LTL speci�cations . The suc-

cessor location of the robot is based on its current state and actionsuccr (l r;c ; hr;c ; na) =

f l0
r;c 2 L r;c j9l0

o; h0
r;c (( l r;c ; lo; hr;c ; na); (l0

r;c ; l0
o; h0

r;c ; n0
a)) 2 TN g. We de�ne the set of possi-

ble successor robot actions at the next step assuccna (na; lr;c ; l0
r;c ; lo; l0

o; hr;c ; h0
r;c ) = f n0

a 2

Naj(( l r;c ; lo; hr;c ; na); (l0
r;c ; l0

o; h0
r;c ; n0

a)) 2 TN g. We de�ne the set of successor locations of
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the obstacle.succo(l r;c ; lo; na) = f l0
o 2 L oj9l0

r;c ; h0
r;c :(( l r;c ; lo; hr;c ; na); (l0

r;c ; l0
o; h0

r;c ; n0
a)) 2

TN g. Later we will use a belief abstraction inspired by [33] to solve our synthesis in a

partially observable environment.

The task planner models the robot and environment interplay as a two-player game.

The robot action is Player 1 while the possibly adversarial obstacle is Player 2. The synthe-

sized strategy guarantees that the robot will always win the game by solving the following

reactive problem.

Reactive synthesis problem:Given a transition systemTN and linear temporal logic spec-

i�cations  , synthesize a winning strategy for the robot such that only correct decisions are

generated in the sense that the executions satisfy .

The action planner is synthesized using the same game structure as the navigation plan-

ner, with possible states and actions corresponding to section 3.2. Nondeterministic robot

location transitions are captured in the robot successor functionsuccr;f (l r;f ; hr;f ; aHL ) =

f l0
r;f 2 L r;f ; h0

r;f 2 H r;f j(( l r;f ; hr;f ; aHL ); (l0
r;f ; h0

r;f ; a0
HL )) 2 TA g, whereTA is the tran-

sition relation in the action planner. Compared to the transition relationTN , TA does not

have the obstacle locationlo but includes locomotion actionsaHL . Given the current robot

state and action,succr;f provides a set of possible locations at the next turn in the game.

Obstacle avoidance is taken care of in the navigation game the obstacle locationL o and

successor functionsucco are not needed for action planner synthesis. Since reactive syn-

thesis is used for both navigation and action planners, and the action planner guarantees the

robot transition in the navigation game, the correctness of this hierarchical task planner is

guaranteed.

3.4.1 Belief SpacePlanningin PartialObservableEnvironment

The navigation planner above synthesizes a safe game strategy that is always winning but

only in a fully observable environment. We relax this assumption by assigning the robot

a visible range only within which the robot can accurately identify a dynamic obstacle's
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